Strict colourings of STS(3v)s containing three mutually disjoint subsystems of order v are examined. An upper bound for¯ of STS(3v) linked with¯ of its subsystems of order v is determined and an infinite class of uncolourable BSTS(3v)s is found.
Introduction
A mixed hypergraph is a triple H = (X, C, D), where X is a finite set whose elements are called vertices, while C and D are two families of subsets of X, called C-edges and D-edges, respectively. A proper k-colouring is a colouring of the vertices of H using at most k colours, such that in each C-edge there are at least two vertices coloured with the same colour, while in each D-edge there are at least two vertices coloured with different colours. If all k colours are used, then proper k-colouring is called strict k-colouring. We call strict k-colouring just strict colouring when it is not necessary to express explicitly the number of colours used.
A mixed hypergraph is called colourable if proper colouring exists, otherwise it is called uncolourable.
The minimum (maximum) number of colours for which there is a strict colouring is called the lower chromatic number (upper chromatic number) and is denoted by (H) (¯ (H)).
We obtain classical graph or hypergraph colouring in special case when H = (X, ∅, D), called a D-hypergraph. So, classical colouring theory becomes the theory of D-hypergraphs.
When H = (X, C, ∅), we call it a C-hypergraph. In contrast to classical colouring theory, the main problem in colouring C-hypergraphs consists in finding the upper chromatic number.
Introduced by Voloshin [9, 10] the theory of mixed hypergraphs is growing rapidly. It has many potential applications as mixed hypergraphs can be used to encode partitioning constraints. Recently, a lot of papers have dealt with the colouring of block designs [1] [2] [3] [4] [5] [6] .
A Steiner triple system of order v (briefly STS(v)) is a pair (X, T), where X is a v-set and T is a collection of 3-subsets of X (triples) such that every pair of X is contained in exactly one triple of T. It is well known that the necessary and sufficient condition for an STS(v) to exist is that v ≡ 1 or 3(mod 6).
A Steiner triple system (W, S) is a subsystem of a Steiner triple system (X, T) if W ⊆ X and S ⊆ T. Obviously, every triple of T meets W in 0, 1 or three elements.
In the context of strict colourings of mixed hypergraphs defined by Voloshin [9, 10] , it is possible to consider an STS as particular mixed hypergraph in which the triples are C-edges (CSTS) or in which all triples are both C-edges and D-edges (BSTS).
In [7, 8] Milazzo and Tuza gave several properties of strict colourings of Steiner triple systems. They determined necessary conditions for strict colourings of CSTS and BSTS; in particular, they found the upper chromatic number of infinite classes of CSTS and BSTS obtained by a sequence of " doubling plus one " constructions.
In this note we study the STS(3v) class containing three mutually disjoint subsystems of order v. We find a relation between¯ of CSTS(3v) or BSTS(3v) and¯ of its subsystems of order v. Furthermore, as regards CSTS(3v)s we determine a technique to colour them every time when strict colourings of CSTS(v)s are known; while with respect to BSTS(3v)s we find an infinite class of uncolourable systems.
Preliminaries
Let P be a strict h-colouring of a CSTS(v) or BSTS(v), we denote the set of vertices coloured with the colour (i) with N (i) and the cardinality of this ith colour class with |N (i) | = n i . Henceforward we will characterise strict colourings by means of vectors, with sequence of cardinalities of the colour classes. Let S I , |S I | = s I , be the union of |I | colour classes, where I ⊆ {1, 2, . . . , h} defines any subset of colours used in P.
Proposition 2.1 (Milazzo and Tuza [8]). If P is a strict colouring for CSTS(v) or BSTS(v) and 2 |I | h, then
(1)
Proposition 2.2 (Milazzo and Tuza [8]). If P is a strict colouring for BSTS(v), then
or equivalently, Proof. Suppose there exist three colour classes with cardinality n. From inequality (1), with |I | = 3, s I = 3n, and n i = n for every i ∈ I , it follows that n 0, a contradiction.
In the following we restrict our attention to the case of STS(3v), (X, T), containing three mutually disjoint subsystems of order v (
Proposition 2.4. Let P be any strict h-colouring of CSTS(3v) or BSTS(3v). For every pair of distinct colours (i) and (j) with n (i)
b be the function that assigns to every
It is easy to see that x is an injection and so n (i) a
The previous proposition is useful if one wants to investigate the colourability problem of BSTS(3v)s as the following proposition shows. Proof. BSTS(7) admits the only strict colouring (1, 2, 4) [7] ; by using Proposition 2.4, there will be four points on each of three levels in the same colour class, a contradiction since (4, 8, 9) and (5, 6, 10) are the only colourings that meet the hypotheses of Propositions 2.1 and 2.2.
An upper bound for¯ of STS (3 v)s
In this section we determine an upper bound for¯ of STS(3v) linked with¯ of its subsystems of order v. We prove that this upper bound is as good as possible for CSTS(3v)s. Proposition 3.1. Let H be a CSTS(3v). If H a is colourable with the strict h-colouring (n 1 ,  n 2 , . . . , n h ) , then H can be coloured with the strict (h + 1)-colouring (n 1 , n 2 , . . . , n h , 2v) .
Proof. Colour all elements not in X a with a new colour. 
Theorem 3.1. Let H be a CSTS(3v). If max{¯ (H l )
Proof. Suppose there exists a strict h -colouring P of H, with h h+2. From max{¯ (H l ) : l ∈ L} = h it follows that s l h for every l ∈ L. In particular, s a h and so there exist at least two different colours (i) and (j ) such that n 
Corollary 3.1. Let H be a CSTS(3v). If max{¯ (H l ) : l ∈ L} = h, then¯ (H)
Remark. Since any strict colouring for BSTS(3v) is also a strict colouring for CSTS(3v), Theorem 3.1 holds also for BSTS(3v)s.
The triplication construction
The following construction, which is a generalization of the direct product of an STS(v) with the (trivial) STS(3), allows us to obtain STS(3v)s containing three mutually disjoint subsystems of order v. We find an infinite class of uncolourable BSTS(3v)s obtained by this construction. (S, B 1 ), (S, B 2 ), (S, B 3 ) , and (S, B) be STS(v)s. Let X = S × {1, 2, 3} and define a collection of triples T of X as follows:
The triplication construction. Let
(i) {(x, i), (y, i), (z, i)} ∈ T, for every {x, y, z} ∈ B i : i = 1, 2, 3; (ii) {(x, 1), (y, 2), (z, 3)} ∈ T, for every {x, y, z} ∈ B; (iii) {(x, 1), (x, 2), (x, 3)} ∈ T, for every x ∈ S.
It is a routine matter to see that (X, T) is an STS(3v).
It is easy to see that (X, T) contains three mutually disjoint subsystems of order v which are isomorphic to (S, B 1 ), (S, B 2 ), and (S, B 3 ), respectively. In order to simplify notation, in the above construction we assume
The next theorem deals with a special case of our triplication construction, obtained taking B 1 = B 2 = B 3 = B, that forms an STS(3v) from an arbitrary STS(v) (S, B). 
. Table 1 Let (X, T) be the BSTS(27) where X = {1, 2, . . . , 9, 1 , 2 , . . . , 9 , 1 , 2 , . . . , 9 } and T 1 :
and t =j,k n t = v − 2 we obtain
from which v 3, a contradiction.
We also remark on the following consequence of the above theorem.
Corollary 4.1. Let n 3. The affine space AG(n, 3) is uncolourable.
Concluding remarks
Two latin squares are said to be isotopic if one can be obtained from the other by permuting the rows, columns, and symbols. The main class of a latin square L is the set of squares which can be obtained from L by isotopies and also by permuting the roles played by rows, columns, and symbols.
A transversal design TD(k, n) of order n and block size k is a triple (V , G, B) such that V has kn elements, G is a partition of V into k classes each of size v (groups) and B is a collection of k-subsets (blocks), such that every block meets every group in a single element.
It is well known that an STS(3v) (X, T) containing three mutually disjoint subsystems of order v (X i , T i ), i = 1, 2, 3 induces a TD (3, v) 
that can be viewed as a latin square L of side v with rows, columns, and symbols indexed by the elements of X 1 , X 2 , and X 3 , respectively. Furthermore, if an STS(3v) is obtained by the triplication construction, then L is an idempotent totally symmetric latin square (i.e. the main diagonal of L is (1, 2, . . . , v) and the six conjugates of L obtained by permuting the roles played by rows, columns, and symbols are equal).
Let M be the family of the ST S(3v)s containing three mutually disjoint subsystems of order v and with induced latin square L belonging to the main class of an idempotent totally symmetric latin square. Note that by Theorem 4.1 there exists a subfamily of M whose elements are uncolourable and by Proposition 2.5 any BSTS(21) containing three mutually disjoint subsystems of order 7 is uncolourable. Furthermore, Table 1 shows a colourable BSTS(27) which contains three mutually disjoint subsystems of order 9 and does not belong to M (it is easy to check that the latin square induced by any BSTS(27) in M has no latin subsquares of side 2, unlike the latin square induced by the above BSTS (27)). An open question is whether or not there exists any colourable BSTS(3v) of M for v 9.
